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; 1. Introduction 



in 



The main aim of this paper is to solve the inverse spectral problem for Sturm-Liouville 



^ . operators on the unit interval [0, 1] with matrix- valued distributional potentials in the 
Sobolev space W^ 1 ■ Before explaining the setting, we shall give a short overview of 
the known results; the reader is referred to the books [1-3] and the review paper [4] for 



further details. 



1.1. Known results 



The study of the inverse spectral problems for Sturm-Liouville and Dirac operators has 
a rather long history. It was initiated by the celebrated paper by Borg [5] of 1946, 
who proved that two spectra of a Sturm-Liouville equation determine uniquely the 
potential. Later Marchenko [6] showed that the potential is uniquely determined by the 
spectral function. In 1951, there appeared the paper by Gelfand and Levitan [7] giving 
an algorithm reconstructing the potential from the spectral measure, and the paper of 
Marchenko [8] with a detailed account of his method. Meanwhile Krein developed in a 
series of papers [9-12] an alternative approach to inverse problems. As is well explained 
by Ramm [13], each of the three methods — that of Gelfand and Levitan, Marchenko, 
and Krein — enlightens a different facet of the problem and is equally important to the 
theory. 

Another important tool for the study of the inverse spectral problems was developed 
by Trubowitz and his coauthors Isaacson [14], Isaacson and McKean [15], Dalhberg [16], 
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and Poschel [3]. It is based on analytic dependence of an individual eigenvalue and 
norming constant on the potential. In some cases (e.g. in the inverse problem for the 
perturbed harmonic oscillator) the Trubowitz method is probably the only one yielding 
a satisfactory result [17, 18]. 

The study of the matrix-valued Sturm-Liouville and Dirac operators has mainly 
followed the path of generalizing the methods developed in the scalar case. A solution 
to the inverse scattering problem for matrix Sturm-Liouville operators on the half-line 
was given by Newton and Jost [19], Krein [12,20], Agranovich and Marchenko [21]. 
Analogous results for Dirac operators on the half-line were obtained in the papers of 
Levitan and Gasymov [22] and Gasymov [23], and for more general first order systems 
by Lesch and Malamud [24]. 

Inverse spectral problems for matrix-valued Sturm-Liouville and Dirac operators 
on a finite interval have not been discussed so extensively. Uniqueness of reconstruction 
was studied in the papers by Carlson [25] and Yurko [26], and Malamud [27] investigated 
uniqueness for various settings of inverse problems for systems of differential equations 
of the first order. Yurko in [26] and [28] suggested an algorithm reconstructing the 
potential from the spectral data, but did not give a complete description of the set 
of spectral data. Probably the closest to our work are the papers by Chelkak and 
Korotyaev [29,30], which we next discuss in more detail. 

In [29], the authors investigated uniqueness questions for operators 

T < = -s? +9 <"> 

on (0, 1) subject to the Dirichlet boundary conditions and with Hermitian matrix- 
valued potentials q in Li(0, 1) entrywise and studied isospectral transformations as well 
as some subtle properties of the local structure of the set of isospectral potentials. 
An important phenomenon was discovered there, namely, the one of the so called 
"forbidden" subspaces. In [30], the inverse spectral problem for operators T q with 
potentials q belonging to L 2 (0, 1) entrywise was treated. The main theorem there gives 
a complete description of the set of spectral data. That result of [30] and Theorem 11.21 
of the present paper are similar but they treat different classes of potentials. Also the 
approaches are different: while the proofs in [30] are based on the Trubowitz method 
and some special isospectral transformations, we use the Krein accelerant method. 



1.2. Setting of the problem 

Let M r be the Banach algebra of the square r x r matrices with complex entries, which 
we identify with the Banach algebra of linear operators C r — > C r endowed with the 



standard norm (see Appendix A ). We shall write / for the unit element of M r and 
for the set of all A £ M r such that A = A* > 0. We shall use the abbreviations 

w; : = w;((o, i), cr), w; : = w;((o, i), M r ) (sez, P >i) 

for the corresponding Sobolev spaces, as well as the notations 

L p := L p ((0, 1), C r ), L p := L p ((0, 1), M r ), p > 1, 



Matrix Sturm-Liouville operators 

ReL p := {u G L p \u = u*}, ReW^ := {u G W^u = u*}. 



Some further information on these spaces can be found in Appendix A 



For an arbitrary r G L 2 , we consider the differential expression 

on the domain 

D{i T ) : = {/ G W\ | /W := (/' - rf) G W}}. 

The function fr is usually called the quasi-derivative of /. 

Denote by tr.D arid t Ti N the restrictions of t T onto the domains 

D(tr,D) ■= {f G D(tr) | / G Wl Q }, 

Dfa) := {/ G U(tr) I 4 11 e Wjo} 

respectively. Here and hereafter, := {/ G W^ 1 1 /(0) = /(l) = 0}. 

The differential expression (unlike t^jv) can be written in the usual potential 
form. Namely, let us define the Miura map b via (cf. [31]) 

L 2 9Mh4 M ' + M 2 =: b(u) G W^ 1 

and the class of (Hermitian) Miura potentials 

M:={q = b(u) | u G L 2 }, {Re Wl := {q = b{u) | u G Re L 2 }) . 

It can be shown (see Lemma [2. 21) that for an arbitrary q G 9Jt and r G b^ 1 (q) one 

has 

0(tr,i>) = {/ € Wjo | (-/" + g/) G L 2 }, t T , D (/) = -f' + qf, 

where the derivative /" and the product qf should be understood in the distributional 
sense. In particular, 

tn,.D = W, if 6(n) = 6(r 2 ). (1.2) 

For r G L 2 and g := 6(r), we consider the operators S T and T g acting in L 2 via 

S T / := i- T , N (f), I>(S T ) := £>(t- T) iv), 

TJ :=-f" + qf, D(T q ) := D(t T , D ). 

In this paper we shall concentrate ourselves on the study of the spectral properties 
of the operators S T and T q for r G ReL 2 and g = b(r). In this case the operators 
S T and T 9 are self-adjoint; moreover, S T > and T g > 0. Their spectra a(S T ) and 
cr(T 9 ) consist of a countably many isolated eigenvalues accumulating at +oo; moreover, 
a(S T ) = cr(Tg) U {0}. 

Let t G L 2 and A G C. We denote by A, r) and ip(-,X,r) the matrix-valued 
solutions of the Cauchy problems 

-(aHGH^^' ^ (0) = ' rfl(0) = A/ - (1 - 3) 

'' ' ^ + tf. = AV, li(0) = /, tf.L 1 l(0)=0. (1.4) 



dx / \ dx 
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They are related to each other via 



- r J </?(■, A, r) = AV>(-, A, r), f-^- + r ) < ( • A. r ) = - A r i>. A. r ) 



and admit representations in the form (see Theorem 12.11) 

<f(x, A, r) = sin Xxl + / (sin At)iT Tj x)(rr, i) dt 

Jo 



(1.5) 

■0 (x, A, r) = cos Ax/ + / (cos Xt)K T> ]y(x, t) dt, 



where the matrix-valued kernels K Tt £> and K T ^ belong to the algebra G\ 



+ 



(see Appendix A ). Equalities fll.5p determine uniquely K rD and K T ^ N within the class 
L 2 (n,M r ), Q := {(x,t) | < t < x < 1}. 

The function A i— > <^(1, A, t)" 1 , as well as the Weyl-Titchmarsh function 

m r (A) :=-^(l,A,r)-V(l,A,-r) 

are meromorphic in C; notice that mo(A) = — cot XI. 

Let now r G i?eL 2 and q = b{r). We denote by Xj(r) (j E Z+) the square roots 
of the pairwise distinct eigenvalues of the operator S T labelled in increasing order, i.e., 
= A (r) < A fc (r) < X k+1 {r), k E N; then 

= WO")}^, a(T„) = {A|(r)}f =1 . 

The function m T is a matrix-valued Herglotz function (i.e., Imm T (X) > for Jm A > 0), 
and the set {±Aj(r)}j S z + is the set of its poles. Put by definition 

ao(r) := — res m T (X), a j{ T ) '■= — res m T (X), j E N. (1.6) 

2 A— A— \j 

The matrix <x,(r) for j G Z + (resp. for j G N) is called the norming constant of the 
operator S T (resp. of the operator T q ) corresponding to the eigenvalue X 2 At). We note 
that the multiplicity of the eigenvalue A|(r) of S T or T g equals rank Qj(r). 

It turns out that a sequence ((Ay(r), o^r)))^ depends only on the function 
q = b(r). In view of this we call the collections a T = ((Xj(r), Oij(r)))j e z+ an d 
b q = ((Aj(r), otj(r)))jeN a sequences of spectral data, and the matrix-valued measures 

oo oo 
:= S a j( r )^j«' ^9 : = a j( r )^(r) (1-7) 

j=o i=i 
will be termed the spectral measures of the operators SV and T g respectively. Here 5\ is 
the Dirac delta-measure centred at the point A. In particular, if r = q = 0, then 

oo 

^0 



^ oo oo 



2 

n=l n=l 



Clearly, the spectral measures of the operators S T and T q are related by the simple 
formula 

v T - fi q = a (r)5 , r E Re L 2 , q = b(r). 
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A simple relation exists also between the function m T and the measure v T . Namely, 



m r (A) = 2A J p^- 2 , A G C. 

The main aim of the present paper is to give a complete description of the 
classes 21 := {a r | r G ReL 2 } and 23 := {b q \ q G ReDJl} of spectral data 
and to suggest an efficient method of reconstructing the functions r and q from the 
measures v T and fi q respectively. We note that the description of the classes 21 and 23 
is equivalent to the description of the families of measures V := \v T \ t G Re~L 2 } and 
M:={fi q \qe Rem}. 

1.3. Main results 

We start with characterization of the spectral data for Sturm-Liouville operators 
under consideration. In what follows a (resp. b) will stand for an arbitrary sequence 
((Xj,aj))j e z+ (resp. ((Xj, aj))j e f$), in which (\j)j^z + is a strictly increasing sequence of 
non- negative numbers and aij are nonzero matrices in M+, and z/ a and /i & will denote 
the measures given by 

oo oo 

^:=X>A„ /'": »A- (1-9) 

i=o i=i 

Next, we partition the semi-axis [0, oo) into pairwise disjoint intervals A n {n G Z + ), viz. 

A = {0}, Ai=(o,y], A n = ^n-|,7rn+|], n > 1. 

A complete description of the classes 21 and 23 is given by the following two theorems. 

Theorem 1.1 In order that a sequence a = ((Xj, otj))j e z + should belong to 21 it is 
necessary and sufficient that the following conditions be satisfied: 



oo 



( A i) E E |Aj - 7rn| 2 < oo, sup 1 < °°> E ll J - E "ill 2 < °°; 

n=lAjGA n neNAj-eAn n=l A^eAn 

V 

(A 2 )3iV GN ViVGN (N>N )^J2 E ranka j = Nr; 

n=l XjeA n 

(A 3 ) the system of functions {dcosXjX \ j G Z+, <i G Ranaj} is complete in the space L 2 . 

Theorem 1.2 In order that a sequence b = ((Xj,aj))j e ^ should belong to the 
class 23 it is necessary and sufficient that the conditions (A\), (A 2 ), and the following 
condition (A4) be satisfied: 

(At) the system of functions {dsinXjX \ j G N, d G Ranaj} is complete in the space L 2 . 

There exists a simple relation between the classes 21 and 23. 

Proposition 1.3 Let a = ((Xj,otj))j e z + and b = ((Xj, aj))j e ^. Then 
(a G 21) (b G 23) A (A = 0, a > 0). 
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By definition, every a G 21 (resp., every b G 05) forms spectral data for an opera- 
tor S T with some r G i?eL 2 (resp., for an operator T q with some g G ReDJt). It turns 
out that these spectral data determine the matrix-valued functions r and q uniquely, 
i.e., the following holds true. 

Theorem 1.4 The mappings _ReL 2 9 t k q t G 21 and ReDJt 3 q ^ b q G 03 are 

bijective. 

As we mentioned earlier, we base our algorithm of reconstruction of the functions r 
and q on the Krein accelerant method developed in [32]. 

Definition 1.5 We say that a function H G L 2 ((— 1, 1), M r ) is the accelerant if it is 
even (i.e., H(—x) = H(x)) and if for every a G [0, 1] the integral equation 



f(x) + 



[ H(x-t)f(t)dt = 0, are (0,1), 
Jo 



has no non-trivial solutions in the space L 2 . The set of all accelerants is denoted by f) 2 
and is endowed with the metric of the space L 2 ((— 1, 1), M r ). We shall write i?efj 2 for 
the subset of Sj 2 of all Hermitian accelerants. 

Spectral measure of the operator S T naturally generate Krein accelerants, as 
explained in the following theorem. 

Theorem 1.6 Take a sequence a = ((Xj,aj))j e z + satisfying condition (Ax) and set 
v := u a . Then the limit 

/■7r(n+l/2) 

H v (x) := lim / 2 cos(2Aa;) d(v - z/ )(A), x e (-1,1), (1.10) 



exists in the topology of the space L 2 ((— 1, l),M r ). If, in addition, condition (A3) holds, 
then the function H u belongs to i?ei^ 2 . 

Conversely, every accelerant H determines a function in L 2 in the following way. It 
is known (see Appendix A[ ) that the associated Krein equation 

R(x,t) + H(x-t)+ [ R(x,€)H(£-t)d£ = 0, (x,t)eQ, (1.11) 

Jo 

has a unique solution R H in the class L 2 (0, M r ). We can now define a mapping 
from S)2 to L 2 given by the formula 

[e(H)](x) :=H(x)+ [ R H (x,£)H(£)d£=-R H (x,0). (1.12) 

Jo 

The functions Q(H) and Rh are related to each other as follows: 
Theorem 1.7 Assume that H G i} 2 , R = Rh, and r = 0(H). Then 



K T>D (x,t) = - 
K TjN (x,t) = - 



r , X +t\ / X — t 

R x, — — ) -iZIz 



2 / V 2 
x + t\ / x — t 



2 

where (x,t) G f2 and if Tj D and X r> jv ore t/ie kernels of U.5\) . 
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Theorem 11.71 is an analogue of a theorem from the paper of Krein [32] , where the 
accelerant theory was applied to the inverse scattering theory. Accelerants were used to 
solve the inverse spectral problems on finite intervals in the papers [33] and [34]. 

The following theorem describes some additional properties of the mapping O. 

Theorem 1.8 The mapping O is a homeomorphism between the metric spaces 
and L 2 . Moreover, if H e Sj 2 , then H* G £ 2 and Q(H*) = [©(#)]*. 

Finally, we show how the accelerants can be used to reconstruct r and q from the 
corresponding spectral data. 

Theorem 1.9 (i) Assume that t <E ReL 2 and that a := a T is the spectral data for the 
operator S T . Then r = Q(H U ) for v = v a . 

(ii) Assume that q G ReVJl and that b := b q is the spectral data for the operator T q . Set 
v := I5q + fi b and r := 0(if„); then q = b(r). 



According to Theorem 11.91 the reconstruction algorithm can proceed as follows. 
Given a G 21, we construct a measure v = v a via (ll.9p . which defines an accelerant H = 
H u by formula (11.101) . Solving the Krein equation ( 11. lip , we find the kernel Rh, which 
gives t := Q{H) via (11.121) . That r so constructed is the matrix-function looked for 
follows from the fact that the matrix Sturm-Liouville operator S T has the spectral data o 
we have started with. As in [13], we visualize the reconstruction algorithm by means of 
the diagram 

a — > v = v — >■ H v = H — > R H — >■ Q(H) = r. 

Sl S 2 S3 S4 

In this diagram, Sj denotes the step number j. Steps si, s 2 , and s^ are trivial. The 
basic (and non-trivial) step is S3. 

The procedure of reconstructing q looks similarly. Namely, given b G 03, the 
corresponding potential q G Re DJl can be found following the steps in the next diagram: 

b — >■ \i — >Id + \i — v — > H u = H — >■ R H — >■ &{H) = r — >o{t) = q. 

Sl S2 S3 S4 S5 S6 

We observe that the spectral data for the operator T q with q = b(r) do not determine r; 
in fact, the Riccati equation b{r) = q has many solutions, and by (II. 2p each such solution 
generates the same operator T q . Also, the assumption that q G ReDJl is not restrictive 
and was made only to simplify the presentation. Indeed, for every q G ReW^ 1 the 
corresponding Dirichlet Sturm-Liouville operator T q of (11.11) is bounded below and thus 
becomes positive after adding a suitable multiple cl of the unit matrix /; it then follows 
that q + cl belongs to ReTl (cf. [31]). 

l.Jf.. The structure of the paper 

The paper is organised as follows. Section [2] deals with the direct spectral problem 
and consists of four parts. We establish basic properties of the operators T q and S T 
(Theorem 12.4ft in Subsection 12.11 find the asymptotics of eigenvalues and norming 
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constants (Theorem 12. 5p in Subsection 12.21 study properties of the Weyb-Titchmarsh 
function in Subsection 12.31 and, finally, prove necessity of conditions of Theorems 11.11 
and 11.21 in Subsection 12.41 

In Section [3] we study Krein accelerants. This section is divided in three parts. In 
the first two subsections we establish Theorems 11.71 and 11.81 and in Subsection 13.31 we 
prove Propositions 13.71 and 13.81 on operators Jt? and Mf,, which play an important role 
in Section HI 

The inverse spectral problem is considered in Section HJ which consists of three 
parts. In Subsection 14.11 we study properties of the function H u (Theorem 11.61) . in 
Subsection 14.21 we finish the proof of Theorems 11.11 and 11.21 and, finally, in Subsection 14.31 
we establish Proposition 11.31 and Theorems 11.41 and 11.91 

There are two short appendices. Some information on the spaces used in the 
paper and well-known facts from the theory of factorization of Fredholm operators are 
gathered in Appendix A Three auxiliary lemmata on orthogonal projectors are proved 



in 



Appendix B 



2. The direct spectral problem 

2.1. Basic properties of the operators T q and S r 

In this subsection we prove self-adjointness of the operators T q and S T in the case where 
t G Re L2 and q G 971 and also construct their resolvents and the resolutions of identity. 

Recall that we have denoted by <p(-, A, r) and if>(-, A, r) the matrix-valued solutions 
of the Cauchy problems (jl.3p and (11.41) . The results of [35] imply the following statement. 

Theorem 2.1 The problems U.3\) and fli.^| ) have unique solutions <£>(■, A, r) and 
if>(-, A, r) in the classes {u G Wj | Ur G W^} and {u G Wj | u_ T G W^}, respectively. 
Moreover, the following statements hold: 

(i) the functions <£>(■, A, r) and if)(-, A, r) are related to each other via 
^ - <p(; A, t) = XiP{; A, r), (J- + ^(-, A, r) = -Ap(-, A, r); (2.1) 

(ii) for every r G L 2 there exist unique matrix-valued functions K Ty £> and K T ^ belonging 
to the algebra (see Appendix A ) such that for any A G C and x G [0, 1] 



cp(x, A, r) = sin Xxl + / (sin Xt)K Ty £>(x, t) dt 

Jo 



(2.2) 



if) (x, A, r) = cos Xxl + / (cos Xt)K r N {x ) t) dt; 

Jo 

(Hi) the mappings L 2 9th K T) d G G\ and L 2 9r-> i^r,jv G G\ are continuous. 

Lemma 2.2 Suppose that r G L 2 and q = b(r). Then 

D{tr, D ) = {f G Wj | (-f + qf) G L 2 }, t T , D (/) = -f" + qf, 

where the derivative f" and the product qf are interpreted in the distributional sense, 
i.e., as elements of the space W% . Moreover, if ' t\ is another element 0/L2, then 
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(i) t n ,D = ir,D <^ b(n) = b(r); 

(ii) K TltD = K T)D 6(n) = 6(r); 

fmj K T1>A r = if T>A r n = T. 

Proof. If u G W^ 1 and / G Vt^ci, then we define the product uf G W^f as 

r 

( U f)j = ^2 U jkfk, f = (/l, • • • ,/r), « = {Ujk)l<j,k<r- 

k=l 

Observe that for every / G W^g the equality (r/)' = r'f + rf holds in the distributional 
sense. If, therefore, / G Z^t,-^), then 

ir^(/) = -/" + (rfY ~ rf + r 2 f = -f" + qf G L 2 . 

On the other hand, if / G W^o an d ( — /" + ?/) £ -^2, then taking into account the 
equality 

- (/' " rf)' = (-f" + qf) + r(f - rf), (2.3) 

we obtain (/' — rf) G W^. Moreover, the function /' — rf is bounded, and, using (12.31) 
again, we obtain that (/' — rf) G W 2 l , i.e., that / G D{i TD ). This establishes the claim 
about t Ti £>. 

Part (i) is the straightforward consequence of the above considerations. Let us 
prove part (ii). Assume that K T1)D = K r D . Then (p{-, 0, T\) — </?(•, 0, r) in view of (12. 2p . 
and (12.11) yields the relations 

(n - r)^(-, A, r) = A[V(-, A, r) - ^(-, A, n)], (2.4) 

T" + r (j" " r ^' A ' r) = ( J" + fj" " T ) ^' A ' r) - (2 - 5) 
ax J \ax J \ax J \ax J 

Note that according to the Riemann-Lebesgue lemma for every x G (0, 1] there exists 
A G K such that det y(x , A , r) 7^ 0. Therefore we conclude from the equation (12.41) 
that the function g = T\ — t is absolutely continuous on the interval (0,1). Putting 
Ti = r + g in (12.51) . we easily obtain the equality 

(g' + gr + Tg + g 2 ) V (-,X,T) = 0, A G C, 

which implies that g' + gr + rg + g 2 = and, thus, that 6(ti) = b(r). 

Now let 6(ti) = b(r). Then the function g = t\ — t obeys g' = r 2 — rf G Li and thus 
is absolutely continuous on the interval [0, 1]. Next, the relation g' + gr + rg + g 2 = 
yields equality (12.51) . It follows from (I2.5P and the definition of the functions (p(-, A, 7~i) 
and A, r) that they are solutions of the Cauchy problem 

i +T i)(-ih- Ti ) y = - x2y > y(0) = ' ^°) = A/ - 

Thus <f(-, A, Ti) = (p(-, A, r) for all A G C. Therefore (see (12. 2p ). 

/ (sm\t)[K TltD (x,t) -K TiD (x,t)]dt = 0, x G [0, 1], A G C. 
Jo 
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Since A and x are arbitrary, K Tl D = K t D . 

It remains to prove (in). If T\ = r, then if n jv = Kt,n by the uniqueness claim of 
Theorem 12.11 Assume that K t1) n = K T) n\ then, according to ( 12. ip and ( 12.21) . 

+ Ti J VO, 0, r x ) = ( -1 + r J ^(x, 0, r) = 0, </>(", 0, n) = 0, r), 




dx J \dx 

and thus (ri — r)^(-,0, r) = 0. Therefore to prove part (mj it is enough to show that 
the matrix if)(x, 0,r) is invertible for every x G [0,1]. Suppose the last statement is 
false. Then there exist xo G (0, 1] and c G C r \ {0} such that ip(xo, 0, r)c = 0. Therefore 
the function / = ?/>(■, 0,r)c is a nonzero solution of the Cauchy problem /' + rf — 0, 
f(xo) = 0, which is impossible. The proof is complete. □ 

For every r G L 2 , A G C and a; G [0, 1] we put 

\ -f{x,X,r) ^{x,X, -t) J 
It follows from (EH) that £W(x, A, r) = Q(x, A, r)W(x, A, r), so that 

4-W*(x, A, -r*)W(a;, A, r) = 0. 
dx 

Therefore the matrices W*(x, A, — r*) and W(x, A, r) are inverse to each other, which 
yields the relations 

<p(x, A, r)(p*(x, A, -t*) + ip(x, A, -r)^*(x, A, r*) = I, 

_ _ (2.o) 

Lp (x, A, T)if) (x, A, — r ) — ip(x, A, — r)^*(x, A, r*) = 0. 

Let us denote by $ T (A) and \I/ T (A) (A G C) the operators acting from C r to L 2 by 
the formulas 

[$ T (A)c](x) := V2(p(x,\,r)c, [* T (A)c](ar) := \/2^(x, X,r)c. (2.7) 

Taking into consideration (12.21) . we obtain, for A G C, 

$ r (A) = (X + /C r , D )$ (A), * T (A) = (X + /C T)iV )*o(A), (2.8) 

where JC Tj d and /C Tj at are integral operators with kernels K Ty o and K T j) respectively 
and X is the identity operator in the algebra B(L,2), which is an algebra of bounded linear 
operators acting in L 2 . Note that since K t D and K T>N belong to , the operators K Tj d 
and KL Ty N belong to the algebra (5 J ( see Appendix A ), and hence they are Volterra 
operators [36, Ch. IV]. 

Lemma 2.3 Let r G L 2 . Then the following statements hold: 
(i) the operator functions A t— > $ r (A)/A and A i— > ^(A) are analytic in C; moreover, 
ker$ r (A) = {0}, i?an$;(A)=C r , A G C \ {0}, 
ker^ r (A) = {0}, i?an^;(A) = C r , A G C, 

ker(T g - A 2 X) = $ T (A)£ A , ker(S r - A 2 X) = ^ T (A)£ A , A G C, (2.10) 

where £\ :— ker (p(l, A, r); 
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(ii) the operator functions A h- > tp(l, A,r) _1 and 

A ^ m r (A) = -y>(l, A, r)~V(l, A, -r) (2.11) 
are meromorphic in C. Moreover, mo(A) = — cot A/ and 

||m r (A) + cot AJ|| = o(l) (2.12) 
as A —> oo within the domain O = {z G C | Vn G Z |z — 7m| > 1}. 

Proof. Part (i) obviously follows from ( 12.7ft and ( 12. 8ft . From (12. 2ft we obtain that 

<p(l, X,t) = sinA/+ / (sinAi)lT T £>(l,t) dt, 

J ° a (2-13) 
ip(l,X,—r) = cosA/4- / (cos At) A"_ Ti jv(l,t) dt. 

Since K r D , K_ r N G Gj, the functions K Tj x)(l, •) and K_ r N (l,-) belong to L 2 . The 
relations 

lim e" |/mA| I /(x)cosAxdx = lim e" |/mA| f f(x) sin Ax dx = 

A|^oo _/ |A|-»oo J 

for / G Li(0, 1) that refine the classical Riemann-Lebesgue theorem [37, Ch.l] are 
proved in [1, Ch.l]; thus 

lim e- |/mA| ||^(l,A,r) -sin A/ 1| = lim e" 1 /mA| || ^(1, A, -r) - cos A/|| = 0. 

A|^oo A|^oo 

In particular, ip(l, A, r) is invertible for all A G O large enough, so that m r is 
meromorphic and the relation ( 12. 12ft holds. □ 

Theorem 2.4 Let r G Re\j2 and q = b(r). Then the following statements hold: 

(i) The operators S T and T q are self-adjoint; moreover, S T > and T q > 0. 

(ii) The spectra o~(S T ) and o~(T q ) consist of isolated eigenvalues and 

a{S T ) = {A 2 | ker y?(l, A, r) ^ {0}} = a{T q ) U {0}. (2.14) 

(Hi) Let Xj = Xj(t) and Pj T (resp. Qj >q ) be the orthogonal projector on the eigensubspace 
ker(S T - X)l) {resp. ker(T g - X]l)); then 

oo oo 

J, £Q M =T. (2.15) 

j=0 k=l 

(iv) The norming constants ctj = %(r) (see Introduction) satisfy the relations ao > 
and ctj > 0, j G N. Moreover, for j G Z + and k <EN we have 

P hT = ^(AjK^A,), Q m = $ T (A fc )a fc $;(A fe ), (2.16) 

where $*(\) = [$ T (A)]*, #£(A) = [* T (A)]* fsee QJ. 

^ J/n G i?eL 2 and b(ri) = b{r), then Xj(ri) = Xj(r) and atj(ri) = aj(r) /or ever?/ 
j'GN. 
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Proof. Writing S = S T and T = T q for short and integrating by parts, we get 
(Sf\g) = {f - rf\g' - rg) = (f\Sg), f, g G D(S), 
(Tf\g) = (f - rf\g' - rg) = (f\Tg), f, g G D(T), 

where ( • | • ) is the scalar product in the space L<i- Therefore the operators S and T are 
symmetric and nonnegative. Suppose that (Tf\f) = for some / G D(T). Then / is a 
solution of the Cauchy problem /' — rf = 0, /(0) = 0. The uniqueness theorem then 
gives / = 0, and, therefore T > 0. 

Take now an arbitrary / G L2 and a point A G C\{0} for which the matrix ip(l, A, r) 
is nonsingular. The function 

g(x) = [X(X)f](x) := ^ A A,T) j\\tX-r)f{t)dt 

+ 7 / <P [t, A, T)f(t)dt 



<P*{t,\,T)f(t) dt 



A 

vanishes at x = 0, belongs to the domain of the differential expression tr, and solves 
the equation t T g = \ 2 g + /, as can be verified directly by using the relations (12.11) 
and (12. 6p . A generic solution of the above differential equation that vanishes at x = 
takes therefore the form (p(x, A, r)c + g for some vector c G C r ; the choice 

mJX) f 1 

makes this solution to vanish at the point x = 1 as well. This implies that the point A 2 
is a resolvent point of the operator T and that the resolvent of T is given by 

(T - X 2 !)- 1 = 2-$ T (A)m r (A)$;(A) + X(A). 

Similar arguments show that the resolvent of the operator S at the point A 2 equals 

(S - X 2 !)- 1 = ±* T (X)m T (X)K(X) - F(A), 
where the operator Y is given via 

[Y(X)f](x) = y(a ^'~ T) jf" r(t,X, r) f(t) dt + thM. j 1 <p*(t,~X, -r) f(t) dt. 

The above formulas show that S and T have compact resolvents and thus follow. 

Recall that — ctj(r) is the residue of the Weyl-Titschmarsh function m T at the 
point Aj(r), j G N. Taking e > small enough, we get 

Pj,r = / (S - CI)' 1 d( = / 2X(S - X 2 !)- 1 dX 

27Tl/| C _ A 2| =£ 27T1 Jj A _ A .| =£ 



- / ^ T (A)m r (A)^;(A) dA = ^{X^a^Xj] 

rl J\\-\i\=e 



27Ti J| A _ A .| =£ 

for every j G N. Similarly, we obtain that 

P 0l . = ^ T (0)ao^(0), Q iig = $ r (A> J $;(A,), j G N. 
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Recalling (12.91) . we see that acj > for all j G Z + . Let us prove that a > 0. Assume 
the contrary; then 

kerS = RanP 0tT = iton[# T (0)a o #*(0)] + Ran^ T {0). 

On the other hand, (12.101) on account of the equality ker <£>(1, 0, r) = C r yields 
kerS* = Ran \1/ T (0). The contradiction derived shows that «o > 0. 

It remains to prove (v). Let t% G ReL 2 be such that b{ji) = b(r). It follows 
from Lemma [2.21 that K Tu d = K T o, and thus <p(-, -,ri) = (p(-, -,r). Therefore, in view 
of (12.141) we get Xjin) = Xj(r) for all j G N and, moreover, $ n (-) = $,-(■)■ Jt follows 
now from (I2.16P that 

^(A^fa)^-) = = ^(X^r)®*^), j G N. 

Hence, using (12.91) . we obtain that Oj(ti) = ckj(t) for all j G N. The proof is complete. 

□ 

2.2. The asymptotics of eigenvalues and norming constants 
The main result of this section is following theorem. 

Theorem 2.5 Let r G ReL 2 . Then for the sequence a = a T the condition {Ax) holds. 

First we prove two lemmas. In the sequel, we shall use the following notation. 
If {Xj)j e i + is a strictly increasing sequence of nonnegative numbers and (o ? -) 3 - 6 z + is a 
sequence in M+, then 

P n := I — Xj := Xj — nn, Xj G A n , n G N, (2-17) 

A fc eA„ 

with A n defined in Subsection 11.31 

Lemma 2.6 Let t G -ReL 2 o,nd Xj = Xj(r), j G Z + . T/ien 

oo 

l^il 2 < oo. sup 1 < oo. (2.18) 

n=l Aj£A n neN A J gA„ 

Proof. Let us fix r G i?eL 2 and note that the numbers Aj(r), j G Z + , are nonnegative 
zeros of an entire function g(X) := det (p(l, X, r), A G C. In view of (12.131) the function 
g is odd. Taking into account (12.14[) . we conclude that zeros of the function g are all 
real. The function A i— » ip(l, A, r) belongs to the following class of function C — > M r : 

• i 



J)(A) := sinA/ + y /(t)e iA *dt, AG 



where / G L 2 ((-l, 1), M r ). Indeed, it follows from f[2~T3l) that y?(l,-,r) = ^> for 
f(t) = (signt)K Tt D(l, |t|)/(2i). It is shown in the paper [38] that the set of zeros of a 
function det with Tf as above can be indexed (counting multiplicities) by the set Z 
so that the corresponding sequence (cu n )n€Z has the asymptotics 

L0kr+j = rtk + iu jik , k G Z, j = 0, . . . , r - 1, 
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where the sequences (uJj t k)kez belong to ^ 2 (Z). Therefore, (I2.18P follows, and the proof 
is complete. □ 

Lemma 2.7 Let the operators A(z) and B(z) (z G C) act from L 2 to M r by the formulas 

A(z)f = V2 f (smzt)f(t)dt, B(z)g = V2 I (cos zt)g(t) dt. (2.19) 
Jo Jo 

Then for every f\, / 2 G L 2 and A G D := {A G C | |A| < 1} we have 

oo 

J2(\\M™ + A)M| 2 + \\B(7rn + A)/ 2 || 2 ) < le^dlM^ + ||/ 2 ||2J. (2.20) 



n=l 



Proof. Since {\^2 sinnnt} ne ^ and {V2 cos nnt} n( z^ form orthonormal systems of 
L 2 (0, 1), it follows that 

oo 

J2(\\M™)h\\ 2 + \\B(nn)f 2 f) < 2r 2 (||M| 2 2 + ||/ 2 || 2 2 ). (2.21) 
n=l 

Relations fl2~T9l yield 

A(nn + A)/j = S(7rn)/ U + A(7m)/ 12 , B(7m + A)/ 2 = S(7rn)/ 22 - A(7m)/ 21 , (2.22) 
where 

f jl (t) = (smXt)f J (t), f j2 (t) = (cos Xt)f jit), 4 6(0,1), j = 1,2. 
Since | sin A| 2 + | cos A| 2 < (sinh 1 + cosh l) 2 < 8 for A G D, we have 

H/ii|lL + ll/i2|lL<8|l/illL 2) 3 = 1,2. 
Hence, using ff2~T21\ and fl2T2T|) . we arrive at fl2T2T?|) . □ 

Proof of Theorem 12.51 Let r G _ReL 2 and Xj = Xj(r),aj = aj(r). According to 

oo 

Lemma [2.6[ it remains to show that 1 1 Pn II 2 < 00 • Set 

n=l 

T n := {z G C | |A - im\ = 1}, D n := G C | |A - im\ < 1}, n G Z + 

A := 2- 1 / 2 ir r , D (l, •), / a := 2- l ' 2 K^ N (l, •). 
Since f^z?, ^-t,jv G , we have /i, / 2 G L 2 . It follows from (12 . 13[) and (I2.19p that 

cp(l, X, r) = sin XI + A(X)f u ijj(l, X, -r) = cos XI + B(X)f 2 . 
Hence, using (12.111) . we obtain the equality 

m T (X) + cot(A)/ = <p(l, A, r^Kcot X)A(X)f 1 - B(X)f 2 }. (2.23) 
In view of (12.181) and (12.191) . we can choose n G N, such that 

oo 1 

E l^'i 2 < SU P SU P ll^( A )MI ^ 7- ( 2 - 24 ) 

, . n>nn AgD„ 4 

n=n A, eA n - u 
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Note that for every A G T 

i sin ai > i - - — -tt > i - — = -, 

1 1 - ^ (2n + 1 !! - 3 n 2 ' 

n=l n=l 

whence | sin A | > | and | cot A| < \/3 for A G T n , n G Z + . Therefore estimates (12.241) 
yield the following inequalities for A G T n with n > n : 

A,r) -1 || < | sinAl^Cl - | sin A|- 1 ||A(A)/ 1 ||)- 1 < 4. (2.25) 

For n > uq the function m T has no poles on the circle T n and {Xj \ Xj G A n } C D n . 
Hence (11.61) implies that 

p n = — i (m T (A) + cot XI) dA, n > n . (2.26) 

Using fl2T23D and (T2T25|) . we get 

||m T (A) + cotA/|| 2 <96(P(A)/ 1 || 2 + || J B(A)/ 2 || 2 ), A G T n , n > n . 

It follows now from (I2.26P that 

Q6 f 

\\P4 2 <T- / {IK^ + e lt )/if+ \\B(nn + e i4 )/ 2 || 2 } dt, n > n , 
and in view of (I2.20p we get J^^Li IIAJ 2 < oo. □ 

2.3. The Weyl-Titchmarsh function 

Proposition 2.8 Let r G i?eL 2 . Tften m r zs a Herglotz function and 

m T {X) = 2xj™ AGC. (2.27) 

Proof. That m T is Herglotz is clear, so we only need to prove (I2.27p . Set 



h(X) := m T (A) — 2A / A G C. 



/o e 2 -A 2 ' 

It follows from ( 11. 6p and ( 11.71) that ft is entire. To show that ft, = it suffices to justify 
the estimate ||ft(A)|| = o(l) as A goes to infinity within the domain 

= {z G C | Vn e Z |*-7rn|>l}. 



.7(A) := cot A7 + 2A / A G C. 



We set 

<2_y2 

In virtue of (I2.12j) . it suffices to prove the estimate 

||#(A)|| = o(l), CbA^oo. (2.28) 

Since 

1 ^ 2A 
cotX = - + )_^ , AG 



A ^ X 2 - (im) 

n=l v ' 



2 ' 
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we find that 



l. T . *^-\ 2AJ ^E, \ -\ IXola 

9( A) = -(7-2 ao)+ j:^- I - F -j: y, 

n=l y ' n=l A,gA n J 



Let 



^" (A) = A' - (nn) 2 ~ E A^ « £ N. 

It is easy to verify that for arbitrary Xj £ A n such that |Aj| < 1/2, 

2A 2A 2|L| 2IA.-I , _ 



A 2 - (7m) 2 A 2 - A 
Therefore, for big enough n and A £ O 



|A — 7ml |A + im\ 



7m 



Taking into account Theorem 12.51 and using the Cauchy-Bunyakowski inequality, we get 
that there exists a constant C such that, for all big enough k and A £ O, 

1/2 / 1 \ 1/2 



(2.29) 



oo / oo OO \ /• _. 

E iifcWii <- c(E »m 2 + E E w 2 ) (E 

n=k ^n=k n=k AjGA rI ' ^ndl* 

Since 

1 9 00 1 

' A — 7m 7r z n z 

neZ 1 1 n=l 

and ||^(A)|| = 0(1/A) as A -> oo, f l2T28]) follows from (I2T29D . The proof is complete. □ 



Necessity parts of Theorems \l.l\ and 
The theorem stated below implies necessity in Theorems 11.11 and 11.21 
Theorem 2.9 Let r £ i?eL 2 . Then for a sequence a T the conditions {Ai)-{A^} hold. 

First we prove four auxiliary but nonetheless important lemmas. 

Lemma 2.10 Assume that r £ L 2 and let a = ((\j,a,j))j € % + satisfy condition (Ai). 
Then 

oo oo 

E E ii*^) - *°(™)ii 2 < °°> EE n^(^) - $ °(™)ir < °°- ( 2 - 3 °) 

n=l AjGA n n=l AjgA n 

Proof. We prove the first inequality; the second one can be proved similarly. Recalling 
the definitions in fl2.7|) - fl2.8|) . we conclude that for every A and £ in R one has 

||*r(A)|| <C, ||* T (A)-* T (0ll <C|A-£| 
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with C = v2(l + llJ^^H). By virtue of (12.171) we derive the estimate 

oo oo 

E E \\m^)-m™)\\ 2 <c 2 J2&\ 2 <°°- ( 2 - 31 ) 

n=l AjgA n n=l 

We note that the operator belongs to the Hilbert-Schmidt class B 2 and that the 
sequence (P n ,o)nez + consists of pairwise orthogonal projectors. Therefore, 

oo oo 

||^,V-Pn,o|| 2 < E/ ll^-^-^n.oll^ — \\^t,n\\b 2 - 
n=l n=l 

It follows from (12T5]) that # r (7rn) - ^ (™) = ^,v*o(™)- Since ||^ (™)|| = 1 and 
P n n*o(7m) = * (7rn), 



oo 



E ||*r(7rn) - ^o(™)|| 2 < E ||^,ivP„,o*oM|| 2 < \\^ N \\l 2 . (2.32) 



n=l n=l 



Combining ( 12. 31ft and ( 12.321) with the uniform bound sup ^2 1 < oo satisfied due 
to (Ax), we obtain the inequality (12.301) for the operators \E' T . □ 

Lemma 2.11 Assume that r G L 2 and Zei a = ay))jez+ satisfy condition (Ai). 
Then for every f E L 2 we get 

oo oo 

E \\<*jK(><i)f\\cr < oo, E \\ a sK^j)f\\cr < oo. (2.33) 
3=0 i=i 

Furthermore, for every sequence (a,) G £ 2 (^+?C r ) i/ie series YljLo ^r(^j)cj and 
Yl'jLi ®r(^j)cj converge in the space L 2 . 

Proof. We shall only prove the first inequality in (12.331) and convergence of the 
series YlJLo ^r{^j)cj] the other statements are justified analogously. Since the 
norms of the matrices otj are uniformly bounded, it suffices to prove the inequality 
£°1 ||*r(^)/llc'- < °°- Observe that 

oo oo 

Eii^)/ii^ = E E WKMnh 

j=0 n=0 AjGA n 



< 2 E E {\\m^)-%(™)]f\\l r + \\%(nn)f\\ 

n=0 A, eA„ 



and that 



J2\\%(™)f\f C r< 



n=l 



by the Bessel inequality for the orthonormal system {\/2cos7ma;} ng N. The desired 
inequality follows now from Lemma 12.101 and the fact that, by virtue of {Ai), 
sup Yl 1 < oo. 



ngN A,eA„ 
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To prove convergence of the series Yl'jLo ^r{Xj)cj, we similarly write 

oo oo oo 

j=0 n=0AjGA n n=0 \j£A n 

Since (cj) G £ 2 (Z + ,C r ), the first series converges in L 2 due to (I2.30P and the 
Cauchy-Bunyakowski inequality, while the second one due to the fact that the 
system {a/2 cos 7ms} „ e N is orthonormal in L 2 (0, 1). □ 

Lemma 2.12 Assume that r G L 2; let o = ((Aj, otj))j & i + satisfy condition {A\), and 
set 

Then the series Y^JLi Pj an d X^li Qj converge in the strong operator topology and, 
moreover, 

oo oo 

]r i|p n , - Yl Pj\\ 2 < °°> E - E ^iii a < °°- ( 2 - 34 ) 

n=l AjgA n n=l AjGA n 

Proof. Convergence of the series Yl'jLi Pj anc ^ Sj=i follows from Lemma 12.111 We 
prove the first inequality in (12. 34ft ; the proof of the second one is similar. Recall that 
P nfi = <Zr (<Kn)%(irn) and that (see (|2TT7|I ) 

X,-eA„ 

Using this and the relation 

Pj ~ *oM<%*oH = M' ; (A ; )n ; vi/;(A ;) - ^(ttti)] + [*r(^) - #o(™)K^M, 
one concludes that 

\\ p n,o- J2 ^ii 2 < c 'iii^ii 2 + c 2 Y ii^ca.o-^oMii 2 , 

where Ci and C 2 are positive constants independent of n G N. The result now follows 
from (12.301) and assumption {A\). □ 

Let t G L 2 and let a = ((Xj, aj))j e z+ satisfy condition (Ai). We denote by ^ a e T 
and the operators given by the formulas 

oo oo 

:= £ ^(A^a^CAi), := £ 'I'. (A, )n/I>: ( A/). (2.35) 

j=0 j=l 

Remark 2.13 For every r G i?eL 2 iae operators and ^ a ° T are nonnegative. In 
addition, in view of Theorem \2.J\ for every r G ReL 2 we get the equality 

fl£, T =1= <W^ T . (2.36) 

Lemma 2.14 Assume that r G L 2 and inai a = ((Xj, aj))j e % + satisfies condition (Ai). 
Then the following equivalences hold: 

(%* T > 0) <=► (A 3 ), > 0) <=► (A 4 ). (2.37) 
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Proof. Taking into account the relations (12.81) . we obtain that 

= (X + ^r, N )% e , (l + JQr), %°r = (1 + X,d)^ (X + X*d). (2.38) 

Since the operators X + J^jy and X + J^r> are homeomorphisms of the space L 2 , it is 
enough to prove equivalences (I2.37P only for r = 0. Set 

X = {dcosXjX | j G Z + , d G i?an«j}, 3^ = {(isin XjX \ j G N, d G -Rana^} 

and observe that conditions (A) and (At) are equivalent to completeness of the sets X 
and y respectively. Since, in view of (12. 7ft . 

^*(A)/ = v / 2/ (cosAx)/(x)dx, %{X)f = V2 [ (sin Ax)/(z) dr, 
Jo Jo 

we conclude that 

ker <2£ = p| ker a^Xj) = X ± , ker ^ a ° = p| ker a^J^) = 3^- 

This justifies the equivalences of (I2.37p . □ 

Proof of Theorem EH Let r G Re L 2 and a r = ((Xj(T),aj(r))) je z + . Then (A) holds 
by Theorem 12. 5[ while (A3) and (A) are satisfied in view of (I2.36P and Lemma 12.141 

Next, in virtue of Lemma [2.121 

00 

\\Pn,0 - Yl P ^H 2 < °° * 
n=0 AjSA n 

Applying now Lemma IB.1[ we conclude that there exists N Q G N such that 

JV N 

Y Y rankP^ = Y rankp n,o, N > N . (2.39) 

rc=0 AjGA„ ?i=0 

It follows from (12.91) and (12.161) that rank Pj jT = rank oij and rank P n $ = r for 
all j, n G Z+. Also, rankao = r as ao > 0. Together with (12.391) this justifies (A)- The 
proof is complete. □ 

3. The Krein accelerant 

3.1. Proof of Theorem \1.7\ 

Let H be an even function belonging to L 2 ((— 1, 1), M r ). We denote by Jf? an operator 
in L 2 given by 



W)(x):= [ H(x-t)f(t)dt. (3.1) 

Set ^ a := Xa^Xa, a G [0,1], where Xa is an operator in L 2 of multiplication by the 
indicator of the interval (0,a], i.e., 



(Xaf)(x) 



f{x), if x G (0, a], 
0, if x G (a, 1). 
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Remark 3.1 Taking into account Definition \1.5\ it is easy to see that the following 
equivalences take place: 

Fejj 2 ^Va6 [0, 1] ker(X + M" 1 ) = {0}; 

H E fa ^ H* E fa; (3.2) 

H e Re fa (X + ^T) > 0. 
Definition 11.51 also implies that the set fa is open and, therefore, the set fa H 
C 1 ([— 1, 1], M r ) is dense everywhere in fa. 

Suppose that H E fa. Then for every a G [0, 1] the operator X + M' a is invertible 
in the algebra B(L 2 ) of bounded linear operators acting in L 2 . Since the operator M" 1 
depends continuously on a E [0, 1], the mapping [0, 1] 9 a h (1+ M" 1 )^ 1 E B(L 2 ) is 
continuous. Denote by r a # the kernel of the integral operator — (X + Jrff a )~ 1 Jrff a . Since 
Jt? belongs to the class of the Hilbert-Schmidt operators, the mapping 

[0, 1] x fa 3 (a, H) i-> T a , H E L 2 ((0, l) 2 , M r ) (3.3) 

is continuous. 

It can be easily seen that, for all (x,t) G (0, l) 2 and if G f)2, 

[r 0)ff (x,t)]* = r a , H *(t,x) = r 0)if *(x,t). (3.4) 

For every H E fa and every (x, t) G f2 we put 

R H (x,t)= H(x-y)H(y~t)dy + / #(x - u)T x>H (u, v)H(v - t) dv du. (3.5) 
Jo Jo Jo 

Since the functions (13.31) are continuous and the shift 1 1— ► H(- —t) acts continuously in 
L 2 -topology, one concludes that Rh G C(Q,M r ) and that the mapping 

fa 3 H^R H E C(Q, M r ) (3.6) 

is continuous. 

Lemma 3.2 Let H E fa. Then the function 

n/ rri . J R H (x,t)-H(x-t), 0<t<x<l, 

K H (x,t) .= < / + ( d - 7 ) 

0, < x < t < 1, 

belongs to G 2 and equation $1.1 1\) has a unique solution in the class L 2 (Q,M r ). 
Moreover, the mapping fa 3 H i— > Rh E G 2 is continuous. 

Proof. That Rh belongs to G 2 and the mapping H i— > Rh is continuous easily follows 
from continuity of the mapping (13.61) . Taking into account the definition of r a ^, we 
obtain that 



H(x -t)+ T X:H (x, t) + / F XtH (x, 0H(£ - t) d£ = 0, (x, t) E n. 

Jo 

Straightforward calculations give 

r XtH (x,t) = R H (x,t)-H(x-t) = R H (x,t), (x,t)EQ. (3.8) 
Thus Rh is a solution of equation (11.111) . Uniqueness follows from Lemma [A. 3 1 □ 
The proposition below follows from the results of [12] (see also [36]). 
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Proposition 3.3 Suppose that H G fj 2 H C([— 1, 1], M r ). Then, for every x,t G [0, a], 

^ H (g, t) = r aiH (g, a)r a>H (a, t), r ajH (x,t) = r tt)jff (a - x,a - t). (3.9) 

Now we study the properties of the mapping 6 defined by (11.121) . 

Lemma 3.4 (i) The mapping O : fj 2 — * L 2 continuous and 0(H*) = [0(H)]* for 
every if G f) 2 ; 

(ii) if H E ^nC 1 ([-1,1], M r ), then R H G C l (Vt,M r ) and 
d 

— [R H (x,x-t)]-R H (x,0)R H (x,t) = 0, (x,t)Ett. (3.10) 
ox 

Proof, (i) Continuity of the mapping O easily follows from definition and the continuity 
of the mapping H \— > Rh (see Lemma [3.21) . By virtue of (13.81) and the relation 



T X:H (x,0 = ~H(x-0- H(x-u)T x , H (u,£)du, (x,0en, 

Jo 

we obtain that 

px px rX 

0(H)(x) = H(x) - H(x-Z)H(£)d£- / H(x - u)V XjH (u,v)H(v) dudv. 
Jo Jo Jo 

Now assume that, in addition, H G C([—\,\],M r ); using then (13.41) and the second 

equality in ( 13. 91) . we get that 

[0(H)]*(x) = H*(x) - [ X H*(i)H*(x - d£ 

/"X PX 

- / JT(i;)r ajfr .(i;,u)ir(a;-u)dudi; 
Jo Jo 



= H*(x)- / H*(x-y)H*(y)dy 
Jo 

- [ [ H*(x-y)T x , H 4y,t)H*(t)dydt 
Jo Jo 

= 0(H*)(x) 

as claimed. Since the set fj 2 H C([— 1, l],M r ) is dense in i} 2 and is continuous, the 
equality 0(H*) = [0(H)]* holds for all H G # 2 . 

(ii) Let F G # 2 n C x ([-1, 1], M r ) and i2 = ifo , so that 

R(x,t) + H(x-t)+ [ R(x,£)H(£-t)d£ = 0, (i,i)e(l, (3.11) 

It follows from Proposition 13.31 that the function a t— > r a ^(u,w) is continuously 
differentiable for a > max{u,t>}. Therefore, taking into account H 3 . 9 f) . (13.51) . and (13. 7ft . 
we obtain G C 1 (Q, M r ). Since i? is a solution of the equation (II. lip and the function H 
is even, one derives the equality 

PX 

R(x,x-t)+H(t)+ R(x 1 x-£)H(Z-t)dt = 0, (x,t)eQ. (3.12) 

Jo 
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Now differentiate (I3.12p in the variable x to get 

^-[R(x,x-t)]+R(x,0)H(x-t)+ [ -?-[R(x,x-Z)]H(Z-t)d£ = 0.(3.13) 

OX Jq ox 

Multiplying both sides of equality ( 13. lip by R(x, 0) from the left, we obtain 



R(x, 0)R{x, t) + R(x, 0)H(x - t) 



R(x,0)R(x,QH(t-t) d£ = 0. 



Subtracting ( 13.131) from the above equality, we find that for the function 

d 

F(x, t) := — [R(x, x-t)]- R(x, 0)R(x, t) 
ox 

the following relation holds for all (x, t) G Q: 



F(x,t) 



F{x,Z)H(£-t) d£ = 0. 



Lemma [A. 31 now yields F = 0, and the proof is complete. 



□ 



Proof of Theorem 11.71 Assume that H G S) 2 and set 



Qo tH {x,t) := - 
1 

Qe,H{x,t) := - 



R H [x. 
Rh ( x. 



X + t 

2 

x + t 



- R H \ x 



x — t 



+Rh (x, 



2 

x — t 



where (x,t) G Q. We extend the functions Q ,h and Q e ,H onto the square (0, l) 2 by 
setting Q ,h = and Q e ,H = in Q~ = [0, l] 2 \fi. It follows from (13.71) and the continuity 
of the mapping ( 13.6P that Q 0t n and Q e ,H belong to G 2 and that the mappings 



5)2 3 H ^ Q 0iH G G 2 , Sj 2 3 Q etH G G 2 

are continuous. For x G [0, 1] and A G C, we consider the functions 

px 

(p(x, A) := sin Xxl + / (sin At) Q ,h(x, t) dt, 



(3.14) 



px 

ip(x, A) := cos Xxl + / (cos At) Q e ,ii{x, t) dt. 
Jo 

Straightforward transformations give 

px 

(p(x, A) = sin Xxl + / (sin X(x — 2s)) R(x, x — s) ds, 
tp(x, X) = cos Xxl + / (cos X(x — 2s)) R(x, x — s) ds. 



(3.15) 



Suppose that H G 9)2 H C 1 ([— 1, 1], M r ). According to Lemma [331 the function R H 
belongs to C x (Q,M r ) and equality (l3~T0D holds. Using (13~T5|) and (13~T0D . we arrive at 
the relations 



d 
dx 



t ip(x, X) = Xip(x, A), 



(- 

\dx 



+ r ] i/;(x, X) = —\ip(x, A), 
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where r = 0(H). Since ip(0, A) = and ip(0, A) = /, the functions tp and if) are solutions 
of problems (11.31) and (11.41) . In view of Theorem 12.11 this establishes the relations 

Qo,H = K T)D , Q e ,H = K T , N , T = Q(H) (3.16) 

for all ffefen G\[-l, 1]> M r)- Since the set 9j 2 H C^f-l, 1], M r ) is dense everywhere 
in f) 2 and the mappings 0, (13. 14j) . L 2 9r^ /C,d £ G^j" , and L 2 9 r — >• if^iV € 
are continuous (see Theorem 12. ip . it follows that equalities (I3.16P hold for all H G f) 2 . 
The proof is complete. □ 



3.2. Proof of TheoremlTM 
Consider the integral equation 

PX 

P(x,x-s)+t{s) + r(u)P(u,s)du = 0, (x,s)eQ, (3.17) 

J s 

where r is a known function from L 2 , and P is an unknown function from the class G 2 ■ 

Lemma 3.5 The equation ( 3.11 ) has at most one solution. If H G i^HC^Q— 1, l],M r ) 
and t = 0(H), then the solution R H of the Krein equation U.ll\) is also a solution of 
the equation \3.1 r /\) . 

Proof. To prove uniqueness, it is enough to show that the corresponding homogeneous 
equation 



F(x,x-s) = -J r(u)F(u,s)du, (x,s)eQ, (3.18) 
has only zero solution in G 2 ■ Let a function F G G 2 be a solution of (13.181) and set 

PX 

g(x):= / HFfosJHds, xG[0,l]. 
Jo 

Then g is continuous on [0, 1] and, in view of (I3.18p . 

PX PX PU PX 

g(x)= / \\F(x,x - s)\\ds < / ||r(«)|| / \\F(u, s)\\ ds du < / \\T(u)\\g(u) du. 



Now Gronwall's inequality implies that g = 0, whence F — 0. 

Let H G f) 2 and r = O(H). Since r = O(H) = —R H (-,0), we get by virtue of 
equality ( 13. 10[) that 



R H (x, x-t) + r(t) + J r(i)R H (i, t) d£ = 0, (x, t) G fi. 
Thus Rh is a solution of equation (13.171) . □ 



Lemma 3.6 For every r G L 2 equation ( 3.11 ) has a unique solution P T in G 2 and the 
mapping L 2 3 t i — > P T G G 2 is continuous. Moreover, if r G C([0,1], M r ) , then P T is 
continuous in Q, the function (x,t) i— > P T (x,x — t) has continuous partial derivative in 
the variable x, and 
d 

— {P T (x,x-t)] = -T(x)P T (x,t), (x,t)eQ. (3.19) 
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Proof. For every n6N and (x, s) G Q, we set 

/X 
T(u)P Tin (u,s)du. (3.20) 

It follows by induction that the recurrence relation (I3.20p yields the equality 



P T , n +i(x,s)= r(x-s + ^ n (y))T(y 1 )---T(y n )dy 1 ...dy n , (3.21) 

Jn*(x,s) 

where, for n G N and (x, s) G Q, we set £„(?/) := YTj=i(~ ^Y^Vj an d 

U* n (x, s) := {y = { Vl , . . . , y n ) G R n | < y n < y n ^ < . . . < Vl < x - s + £ n (y) < x}. 

We extend the functions P Tjn , n£N, onto the square [0, 1] x [0, 1] by setting P Tn = in 
fi~. Since the function r belongs to L 2 , for any 116N the functions P T ,n+\ are continuous 
in the square [0, l] 2 . Taking into account (I3.20j) and using the Cauchy-Bunyakowski 
inequality and Fubini's theorem, we find that for every n G N and x G [0, 1] it holds 



\P T ,n+i{x, OIIL = / \\ P T,n+i(x,s)\\ 2 ds 
Jo 



1 



tv. 



<- \\T(x~s + ^ l (y))\\ 2 \\r(y l )\\ 2 ---\\T(y n )\\ 2 dy 1 ...dy n ds 



Jn* n {x, s ) 



< \ I Mt 1 )\\ 2 ---\\r(t n+1 )\\ 2 dt 1 ...dt n+1 



711 



n n +i 

1 / r 1 „ , a«+i 



(n!)(n + l)!Vy 

where Tl n = {t := (ti, . . . , t n ) G W 1 | < t n < . . . < t x < 1}. Therefore 

l|i'r f *fi(a:,-)l|L a <(nO" l IMlS 1 . 
Similarly we obtain that 

IIPW-^lk^nMi^ 1 . 

Now, taking into account continuity of the functions P-.n+i, we conclude that P-.n+i 
belongs to G%, and, moreover, 

\\Pr,n+i\\G 2 < (n^WrWlf, n G N. (3.22) 
Taking into account f 1 3 . 2 j) and (13.221) . we see that the function 

P T := J2(-l) n Pr,n (3.23) 

n=l 

is a solution of equation (I3.17p . Uniqueness of solution of equation (13.171) follows from 
Lemma 13.51 

Next we prove continuous dependence of P T on r. It follows from (I3.22f) and (13.231) 
that it is sufficient to prove continuity of the mappings 

L 2 3rn P T .n G G\, n G N. (3.24) 
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Let ti,t 2 G L 2 . Using (I3.2ip and the inequality 



n 

\2 



ijjflfe - Y\h\ 2 <n^2\a k - b k \ 2 + \ b j\j > 

fe=i fc=i fc=i jyfc 

valid for all (dfc)£ =1 and (&fc)£ =1 in C n , and reasoning similarly as when deriving the 
estimate (13.221) . we obtain the estimate 

||-P-a,n+l - -Pr 2 ,n+l|| G + < ( | J II 7 " 1 ~~ T 2|Il 2 (JI T i||l 2 + ||t2||l 2 J 7 

which yields continuity of the mappings (13.241) . 

Finally, assume that r G C([0, l],M r ). Since the function P T verifies (13.171) . P r 
is continuous, and the function (sc, s) i— > P T (x,x — s) is absolutely continuous in x. 
Differentiation of (I3.17P in the variable x leads to (13.191) . The proof is complete. □ 

Proof of Theorem 11.81 For any r G L 2 we denote by & T the integral operator with 
kernel P T . It follows from Lemma 13.61 that & T belongs to <3^ and that the mapping 
L 2 3 t i— > & T G $2 i s continuous. Hence in view of Lemma IA.4I we obtain that the 
mapping T that acts from L 2 to L 2 ((— 1, 1), M r ) via 

rr(r)](i)=[(I+^)- 1 r](|i|) ) *e(-l,l), 

is also continuous. Next we show that the mapping T is the left inverse of 9, i.e., that 
the relation 

T(6(#)) = H (3.25) 

holds for all H G i^ 2 . Since the set fj 2 PI C 1 ([— 1, 1], M r ) is dense everywhere in fj 2 
and the mappings and T are continuous, it is enough to prove equality (13.251) for 
H G fj 2 fl C 1 ([— 1, 1], M r ). Assume H is such and set r = Q(H). Then it follows from 
Lemmas 13.51 and 13.61 that P T = Rh- Therefore, recalling (11.121) . we obtain that 

t{x) = [Q(H)](x) = H(x)+ [ X P T (x,£)H(Od£, are (0,1), 

Jo 

and, therefore, ?(Q(H)) = T(r) = if. 

It remains to show that T is also the right inverse of 0, i.e., that, for every r G L 2 , 

T(r) G f> 2 and 0(T(r)) = r. (3.26) 

Continuity of the mappings and T implies that it is enough to prove (13. 26j) for 
continuous r. In this case for H := T(r) we get the relation 

t(x) = H(x) + / P T (x, 0^(0 de, x G [0, 1]. (3.27) 
Jo 

According to Lemma 13.61 the function P T is continuous in Q, and, therefore, the 
function H is continuous as well. Consider a function F defined for (x, t) G f2 by 

F(x, t) := P T (x, x-t) + H(t) + [ P T (x, x - £)H(£ - t) df . 

Jo 
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Then the function F is continuous in f2, has a continuous partial derivative in the 
variable x by virtue of Lemma 13.61 and 



Since 



d 

— [F(x, x-t)} = -t(x)F(x, t), (x, t) E tt. 



F(t,0) = -r(t) + H(t) + f P T {t, d£ = 0, te[0,l], 

Jo 



we obtain that 



r(OF(£,t)d£, t<x<l. 



However, as it was shown in the proof of Lemma I3.5[ the last equality is only possible 
for F = 0. Therefore P T is a solution of the Krein equation (11. lip with H = T(r). 
Now Proposition IA.2I implies that H is an accelerant; moreover, 0(Y(r)) = r in view 
of fl3T27D . Finally, the equality Q(H*) = [Q(H)]* follows from Lemma (%). The proof 
is complete. □ 



3. 3. The operators J^ Q and 



For any H E L 2 ((— 1, 1), M r ) we denote by J$? and J$? e integral operators that act in L 2 
by the formulas 



W)(x) := / H (x,t)f(t)dt, (J€f)(x) 
where 



H e (x,t)f(t) dt, 



(3.28) 



H a (x,t) :-- 
H e (x,t) :-- 



x — t 
2 

x — t 



-H 
+ H 



x + 1 
2 



Proposition 3.7 Let H E Sj 2 and r = B(H). Then 

(j + jr^) (j + ^r e ) ( j + jr r : iV ) = j = ( j + jr T , D ) (j + M'o) (j + jr T : D ) 



(3.29) 



Proof. We shall prove the first equality in (13.291) ; the second one is proved similarly. It 
follows from the Krein equation (II. lip that 



R H (x, 



x — t 
2 

x + 1 



+ H 
+ H 



x + t 
2 

x — t 



j r h (x,ohU 



x — t 
2 

x + t 



de = o, 

d^ = 



for (x, t) E Q. Combining these relations and taking into account Theorem 11.71 proved 
above, we arrive at the equality 



K T:N (x,t) + H e (x,t) + [ K T , N (x,£)H e (Z,t)d£=0 

Jo 



(3.30) 
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for all (x,t) G Q. By virtue of Lemma E3J Q(H*) = [Q(H)]* = r*. Thus, according 
to (I3.30p . we find that for (x,t) G Q it holds 



X 



K T * ;N (x,t)+H* e (x,t) + / K T . tN (x,£)HX£,t)d£ = 0. (3.31) 

J o 

Equalities (13.301) . (I3.3ip . and Theorem I A. II now lead to the relation 

j + je e = (j + j^r 1 ^ + j^: )Ar )- x , 

which yields the first equality in (I3.29p . The lemma is proved. □ 
Proposition 3.8 I/ker(X + = {0}, then 1 + Jt? e is a bijection ofW\. 

Proof. It is enough to prove that maps W\ to itself and that the operator 
ffl e : W\ — > W\ is compact. If H G C 1 ([— 1, 1], M r ), then integration by parts gives 

(J%f)' = JKf - H {; 1)/(1), / G W\. (3.32) 

Using the fact that the operator of differentiation considered on the domain W\ is 
closed in L 2 and that the space C 1 ([— 1, 1], M r ) is dense in L 2 ((— 1, 1), M r ), we conclude 
that the equality (I3.32j) holds also for an arbitrary function H G L 2 ((— 1, l),M r ). The 
equality (I3.32j) implies that the operator maps the space W 2 to itself; moreover, 

W^eWw^W} < C\\H\\L 2 ((-l,l),Mr), (3.33) 

where C is a constant independent of if. If the function if is a trigonometric 
polynomial, then Jif e is an operator of finite rank. Approximating an arbitrary 
function H G L 2 ((— 1, 1), M r ) by a sequence of trigonometric polynomials and taking 
into account ( 13.331) . we conclude that the operator J^ e : W\ — > W\ is compact. □ 

4. The inverse spectral problem 

4-1. Proof of Theorem \1.6\ 

We shall base the proof of Theorem 11.61 on the following two lemmas. 

Lemma 4.1 Let for a sequence a = {(Xj,aij))j£z + condition (Ax) hold and v = v a . 
Then the limit M.10\) exists in the topology of the space L 2 ((— 1, l),M r ). Moreover, the 
function H = H u is even and hermitian, and for the operators J$? e and J4? the following 
relations hold: 

1 + J$? e = %%, 1 + J% = %° Q . (4.1) 
Proof. In view of (1 1.7ft and (11. 8ft we have to show that the series 

oo 

|^cos(27mx)/ — cos(2Aja;) aij (4.2) 

n=l AjSAn 

converges in L 2 ((— 1, l),M r ). Let Xj and (3 n be given by (I2.17p . Then 

cos2AjX = cos27rnx — 2x\j sin27rnx — $ n j(x), n G N, Xj G A n , 
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where 

$n,j( x ) '■= (1 ~~ cos 2x\j) cos27rnx — (2\jx — sin2A,,x) sin27rna;. 
This yields the equality 

cos(27ma;)/ — cos(2\jx)aj = cos(27inx)j3 n + 2x sin(27rnx)7 n + d n) j(x)atj, 
in which 7„ := ^ ^j a j- According to condition (A{) 

oo oo 

y \\(3 n \\ 2 < oo, sup \\aj\\ < oo, >, l^il 2 < °°5 SU P / , 1 < oo, (4.3) 

n=l j= l " eN A, e A„ 

which, in particular, implies that Xl^Li 1 1 Tn. 1 1 2 < oo. From the above we conclude that 
the series Y^=i cos(2Trnx)j3 n and Y^=i sia(2 / !tnx)j n converge in the topology of the 
space L 2 ((— 1, 1), M r ). It is easy to see that 

max 

I*l<i 

Therefore, 

OO / \ oo 

X v X v ii , ii . ~ / ii ii \ X v iT iO 

< OO. 



OO s \ OO 

^ ^ ll^n,i«il|L 2 ((-l,l),M r ) < 6 ( SUp Hay || J ft 
n=lA jG A„ ' j=l 

Combining the above, we conclude that the series (14. 2\\ converges. The fact that the 
function H u is even and hermitian is obvious. 

Now construct operators Jt? e and Jif Q via formulas (13. 28ft taking there H = H v . We 
shall prove the first equality in (14.11) . since the second one is proved similarly. Let 

/■7r(n+l/2) 

H Vin (x) : = / 2cos(2Aa;)d(z/-z/o)(A), xG[-l,l], hgN. 

Jo 

We denote by J4? e ,n the operator in L 2 that acts via the formula 

(*knf)(x) := \ f\H u , n (^)+H u , n {^)]f(t)dt, ore [-1,1]. 

J 

Since H u n — > H v as n — > oo, the sequence (JC, n )neN converges in the operator norm to 
the operator Jj? e . It is easy to see that 

n 

A J < 7 r(n+l/2) fc=0 

The required equality follows now from fl 2 . 1 5 [) and (I2.35p . □ 



Lemma 4.2 Let a sequence a = ((\j,atj))j e z + verifies condition (Ax). Then the 
following implications are true: (A3) =>- (At) and [(A4) A (Aq = 0,«o > 0)] =>- (A3). 
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Proof. Let conditions (A{) and (A3) hold. Then it follows from fl4.ll) and (12.371) 
that ker(X + J$? e ) = {0}. Hence, taking into account Proposition 13.81 we obtain that 
(X + Jif e )W 2 = W 2 . Therefore, for an arbitrary g G L 2 there exists / G W 2 such that 

g = [(X + J%)f}'- Put cj := a^Xj)/, j G Z+. In view of (gUJ and (12351) 

00 

(X + ^)/ = 5^*o(A i )c i . (4.4) 
i=o 

Taking into account the relation 



1 

X^X^f = V2j (Xj cos Xjt) f(t) dt = (-l)"V2(sin A,)/(l) - $S(A i )/ / , 



A 7 - G A n , 



the inequalities in ( 14.31) . and Lemma [2.111 we conclude that YlJLo II ^ 

In view of Lemma 12.111 the series in (I4.4p is termwise differentiable and therefore 

00 

g = — Yl Aj$o(Aj)cj. Since g is arbitrary, the system {dsmXjX \ j G N, d G Ranctj} is 
i=i 

complete in the space L 2 , and the implication (A 3 ) ==>- (A4) follows. 

Now let the conditions (Ai), (A4) hold and let Ao = and «o > 0. Then 
ker(X + J%) = {0} by virtue of (O) and (12371) . Since the operator : L 2 -> L 2 
is compact, RaniX + J^) = L 2 . Let J : L 2 — > L 2 be an integration operator, i.e., 



(J/)(x)= / /(t)dt 



a; 



The range of the operator J is everywhere dense in L 2 . Therefore the range of the 
operator J(X + J^) is also everywhere dense in L 2 . In view of ( 14.1ft for an arbitrary 
/ G L 2 we get 

00 OO /7T 00 ^ 

J(X + J%)f = £ J*o(*j)<*j* m ofrj)f = E T7 d i " E TT^K-, 
j= i j= i 1 j= i 1 

where dj := aj^(Xj)f. Since the matrix a is nonsingular, the vector Yl'jLi ^dj/Xj is 
in the range of o,q. Therefore the closed linear hull of the system 

{(cosAjx) d I j G Z + , d G Ranctj} 

contains the range of J(X + J^) and thus (A3) holds. □ 

Proof of Theorem 11.61 In view of Lemma 14.11 only the second part of the theorem 
needs to be proved. In fact, it suffices to prove that conditions (Ai) and (A3) imply 
that H G Re$j 2 . 

Let therefore conditions (Ai) and (A3) hold. It follows then from (14. ip . (I2.37p . and 
Lemma 14.21 that 

X+^>0, X + ^>0. (4.5) 

Let us show that (14.51) implies positivity of the operator X + Jtf. Let L 2fi and L 2)Q be 
subspaces of L 2 consisting of functions that are respectively even and odd with respect 



to |, i.e. 



7 2,e 



{/ G L 2 I f(l -x) = f(x)}, L 2:0 := {/ G L 2 \ f(l - x) = -f(x)}. 
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L 2 e and L 2)0 are invariant subspaces of the operator J^. Consider unitary operators 
srf Q : L 2 — > L 2j0 and ^ : L 2 — > L 2 e acting via the formulas 

K<7)(x) = sgn (2x - l)^(|2x - 1|), {^ e g){x) = g{\2x - 1|), x G (0, 1). 

Simple calculations show that for an arbitrary g G L 2 we have 

((I + J?)s/ g\s/ g) = ((T + ^ls), ((J + ^)^|^) = ((1 + J? e )g\g). 

Taking into account (14.51) and the equality L 2 o © L 2 e = L 2 , we obtain that 1 + > 0. 
Therefore due to ( 13.21) the function if belongs to i?ei} 2 . □ 

^.S. Proof of sufficiency in Theorems ll.il and \l.S\ 

In Section [2] the necessity parts of Theorems 11.11 and 11.21 was justified, and we still 
have to establish the sufficiency parts. By virtue of Lemma 14.21 it suffices to prove the 
following theorem. 

Theorem 4.3 Let for a sequence a = ((\j,atj))j e %, + conditions (Ai)-(A 3 ) hold and let 
v = u a and r = <d(H u ). Then r G _ReL 2 and a = a T . 

First we prove the following lemma. 

Lemma 4.4 Let the assumptions of Theorem \4-3\ hold. Then the formulas 

Pi = ^(AjOoytf^Aj), Q k = $ r (A fe H$;(A fc ) (4.6) 

determine complete systems (Pj)j £ z + an d (Qj)jen of pairwise orthogonal projectors. 

Proof. Taking into account Proposition 13.71 and equalities ( 14. ip and ( 12.381) . we arrive 
at the equality ^ a e T = 1 = for r = Q(H U ) and v = u a . Hence, by virtue of (12.351) 
and Lemma [2. 121 we conclude that 

oo oo 

E E ^= J =E E §i> ( 4 - 7 ) 

n=0AjgA„ n=l AjGAn 

and that both series converge in the strong operator topology. We show that (Pj)jez + 
is the sequence of pairwise orthogonal projectors; the proof for (Qj)j'ew is analogous. 
In view of Lemma 12.121 



,n 2 < oo. 



E ha* - E 5 

n=l AjeA„ 

Thus there exists a natural iVo such that 

oo 

\\Pn,0~ £ ^H 2<1 - ( 48 ) 

Moreover, iVo can be taken so large that (A 2 ) holds, i.e., that for every N > No it holds 

JV 

rank a j = (N + l)r. (4.9) 

n=0 AwgA n 
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Let us fix iV > N Q and set 

oo N 

A = E E p i> p = H p ^ ^ = E p r 

n=N+l AjgA n n=0 Aj-eAfc 

Since rcmfc P, = ranfc otj for all j G Z + in view of (12.91) and (I4.6p . we conclude by virtue 
of gSJ) that, for all /c > jV , 

rank A/. < rank Pj = rank a j = r = rank P^q. (4-10) 

Since (Pn,o)ngz + is a complete sequence of pairwise orthogonal projectors, by virtue 
of 04.81) . (j4.10p . and Lemma [R2] we obtain that 

codim Ran A > rank P = (N + l)r. (4-H) 

It follows from (JH]), dMD, and OTTH that 

JV 

A +E E ^= J ' 

rc=0 Aj €A n 
N N 

ran kPj = '^^ rank ctj = (N + l)r < codim Ran A. 

The above relations imply by virtue of Lemma [K3] that the set {Pj : Xj < tcN + tt/2} is a 
set of pairwise orthogonal projectors. Since N was arbitrary, we conclude that (Pj)j & i + 
is a sequence of pairwise orthogonal projectors. The proof is complete. □ 

Proof of Theorem 14.31 Let the assumptions of Theorem 14.31 hold and let Pj and 
Qj be operators of Lemma 14.21 It follows from Theorems 11.61 and 11.81 that r G Re L2 . 
Theorem 14.31 will be proved if we show that 

RanPj C ker(SV - A|J), j G Z + . (4.12) 

Indeed, ( Q2l) together with flUD imply that Aj(r) = Aj for all j G Z+. The last 
equality and (14. 12|) yield the inequality Pj >T — Pj > 0, j G Z + . However, in view of (14.71) 
and (I2.15P we have 

00 

j2(Pj,r - Pj) = 0. 

i=o 

Thus P i)T - = 0, j G Z + , and, therefore, (see fl2TT6|) and M ) 

* T (A i )Mr)-a i ]«:(A,) = 0, j G Z+. 

Now by virtue of ( 12. 9ft we obtain the equality ay(r) = ay, j G Z + , i.e., the equality 
a = a T . 

It thus indeed only remains to prove (14.12p . In view of ( 12 .TP and (12. ip it is enough 
to show that (p(l, Xj, r) a j = 0, j G Z + . Let j, A; G Z + and c, d G C r . Since r = r*, 
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taking into account (12.71) and (12.11) and integrating by parts, we find that 
A,(*(A>|*(A fc )d) c , = ((-^ - r)$(A,)c|vI/(A fc ) C /) cr 

= 2^(1, Xj, r)c#(l, A fc , r)dj cr + X k ($(A J )c|$(A fc )rf 

and, therefore, 

A^*(A fc )^(A,) - A fe $*(A fc )$(A,) = 2V*(1, A fc , t>(1, A„ r). 
It follows from the orthogonality of (Pj)j E % + and (Qj)j e n and relations (12. 9p that 

a fe **(A fc )* T (A i )a j = = a fe $*(A fc )$ T (A i )a i , ^ j. 

Using this, we obtain the equality 

( (-l) n a^*(l,A fe ,r) Ml^r)^ = 0, n G N, A, A n .(4.13) 

\A fc GA„ / 

Since (see (12331 ) 

■0(1, Afc, r) = cos A^. / + / (cos Afct)i^ Tj Ar(l, t) dt, fceN, 

Jo 

we can use the Riemann-Lebesgue lemma and the asymptotic behavior of the sequences 
(Afc) and (a k ) to prove that 

lim } (-l) n ^(l, A fe ,r)«fc = lim V] a k = I. 

n— *oo ' » n— »oo ' * 

A fc eA n X k eA n 

Passing to the limit in (14.131) as n — > oo, we derive the equality <p(l, Xj, r)aj = 0. 
Theorem 14.31 is proved. □ 



4-3. Proof of Proposition \1.3\ and Theorems andM.tA 



Proof of Proposition 11.31 It follows from Theorems 11.11 and 11.21 and Lemma 14.21 
proved above that it is sufficient to prove the implication (o G 21) =^> (Ao = 0, «o > 0). 
This fact, however, is an immediate corollary of Theorem 12.41 □ 



Proof of Theorem 11.41 (i) Let n,r G Re~L 2 and a n = a T = a. In view of (1!H 
^ a e Ti = X = ^ a e r . We next prove the following implication: 

= => J^ )iV = <%t,n- (4.14) 

According to (14. ip . = X + J^, and thus we conclude that the operator (W£ — X) 
belongs to £> 2 . Since ^ a e > (see (I4.5P ). the operator admits a factorization: 

= (J + JT)- 1 (X + JT*)- 1 , JTg£ 2 +. 

It follows from the equality = <^ T and (l2T38|) that 

(j + + xy\i + jry\x + jq» 

= (x + j^ )JV )(x + jr)- x (x + + j^v)- 
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Therefore, in view of Theorem I A. II we have 

(X + J^ )JV )(X + X)- 1 = (J + J^)(Z + JT)-\ 

which implies that J(f Tlt N = <%t,n- 

It follows now from Lemma [2.21 (Hi) and (I4.14p that t\=t. 

(ii) Let qi,q G ReDJl and b qi = b q . Let us fix T\ G b~ 1 (qi) and r G b^ 1 (q). Since 
b 9l = b g , the sequences a = o T and Oi = o Tl differ at most in the first element. Thus, 
taking into account (12.361) . we obtain that 

Kr = K,r = I= = Kn- ( 4 - 15 ) 

Reasoning as in the proof of f )4.14p . we establish the implication 

Therefore, taking into account (14.15ft and the statement (ii) of Lemma T2.21 we get that 
6(ti) = b(r), i.e., q\ = q. The proof is complete. □ 

Proof of Theorem II. 9L Part (i) is a straightforward consequence of Theorems 14.31 
and 11.41 Let us prove part (ii). Assume that q G ReWl and that b = b q belongs 
to *B. Augmenting the sequence b to a sequence a with Ao = and «o = I, we get by 
Proposition 11.31 that a G 21. Set 

u:=v a = I6 + n b , t:=Q{H u ). 

From the already proved statement (i) we obtain that a = a T . Then b = bq for q = b(r). 
It follows from Theorem 11.41 that q = q = b(r). The proof is complete. □ 
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Appendix A. The spaces 

A.l. Sobolev spaces 

Suppose that X is a Banach space. Denote by L p ((a,b), X), 1 < p < oo, the Banach 
space of all strongly measurable functions / : (a,b) —>■ X , for which the norm 

/ b 1 h " 

\\f\\L M a, b ), X ) := (J \\f(t)\\ P xdt 

is finite. Denote by C k ([a, b],X) the Banach space of k times continuously differentiable 
functions [a, b] — > X with the standard norm. 
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We also denote by Wp((0, 1), X), 1 < p < oo, the Sobolev space that is the 
completion of the linear space C 1 ([0, 1],X) by the norm 

/pi \ Vp / /-l \ Vp 

ll/lk == (ll/(*)ll^d*J + [I ll/'(OII^)d*J • 

Every function / G Wp((0, l),X) has the derivative /' belonging to L p ((0, l),X). 

We denote by M r the Banach algebra of r x r matrices with complex entries. In the 
standard way the algebra M r is identified with the Banach algebra of linear operators 
A : C r — > C r and inherits the operator norm 

\\A\\ = sup \\Ay\\ C r, 
\\y\\cr=i 

where || • ||c is the Euclidean norm of C r generated by the standard scalar 
product (• | -)c- We shall write L 2 instead of L 2 ((0,l),C r ) and denote by (• | ■) the 
scalar product in L 2 , i.e., 

(f\g)= (f(x)\g{x)) C rdx, f,geL 2 . 
Jo 

We also use the following notations: 

L p := L p ((0, 1), M r ), Re L p := {u G L p | u = u*}, p > 1, 

w; := w;((o, i), c), w* : = w;((o, 1), M r ) ( s g z, p > 1). 

Set ^(0, 1) = {/ G W^O, 1) I /(0) = /(l) = 0}. Recall (see [39]) that W 2 \0, 1) is the 
dual space of W 2 \ (0, 1). Denote by W^ 1 the Banach space of matrices / = (fij)i<i,j< r 
with entries G W 2 ~ 1 (0, 1) and with the inherited norm 

, 1/2 

v l<j,j'<r 

Let i?e W 2 "' := {/ G W^ 1 | / = /*}. Here /* := (/„),. , for / = If,,): , ; ,. 

Factorization of operators 

We state below some necessary facts related to the factorization of Fredholm 
operators [36, Ch.4]. Denote by B 2 the Hilbert space of all Hilbert-Schmidt operators 
in L 2 . Every operator G B 2 is an integral operator with kernel K G ^((0, l) 2 , M r ). 
Set Q := {(x,t)\0 < t < x < 1},Q~ := [0, l] 2 \ Q and denote by B\ and B 2 the 
subalgebras of B 2 consisting of all operators with kernels K satisfying the condition 
K(x, t) = a.e. in Q~ and K(x, t) = a.e. in Q, respectively. It is obvious that 
B 2 = B 2 © B 2 ; moreover, the operators in B 2 are Volterra ones [36, Ch. IV]. Denote 
by 0P + an orthogonal projector in B 2 onto B 2 . 

We say that an operator J + Jt with E B 2 admits a factorization in B 2 if 

x + x = (i + je+y^i + jtc)- 1 (A.i) 

with some JtT+ G £><^ and J£_ G £><7. 
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Theorem A.l Assume that Jtf G £> 2 with kernel K is such that I + Jff admits a 
factorization in £> 2 . Then the operators Jff+ and Jif^ in l{A.l\) are determined uniquely 
by J?T. Moreover, the operators J€+ and JtT* are solutions for 3£ G *B 2 of the equations 

jr + ^ + jr + ^ + jrjr = 0, jr + ^+jr + ^+^jr* = o (a.2) 

respectively. For the operator 1 + Jif to admit a factorization in B2, it is necessary and 
sufficient that one of the following conditions should hold: 

(i) for every a G [0, 1] the integral equation 

f(x) + [ K(x,t)f(t)dt = 0, xG (0,1), 
Jo 

has only the trivial solution in L 2 ; 

(ii) at least one of the equations in ( L4.£j) has a solution. 

In terms of the kernels the first equation in (1A.2|) takes the form 

X(s, t) + K(s, t) + f X(s, £)K(Z, t) d£ = 0, (s, t) G a (A.3) 
Jo 

Theorem I A . 1 1 yields the following connection between the Krein accelerants and the 
Krein equation, namely: 

Proposition A.2 Assume that H G L 2 ((— 1, 1), M r ) and that J$? is an integral operator 
of $3.1\) . Then the following statements are equivalent: 

(i) the function H belongs to the class $32; 

(ii) the operator I + Jf? admits a factorization; 

(Hi) the Krein equation U.ll\) has a solution in L 2 (f2,M r ). 

Theorem IA.1I also implies the following lemma. 

Lemma A.3 If K belongs to L 2 ((0, l) 2 , M r ) ; then equation ( L4. 3\) has at most one 
solution, and the equation 

X(s, t)+ f X{s, £)K{£, t) dt = 0, (s, t) G Q, 
Jo 

has only zero solution in L 2 (f2,M r ). 

We denote by G 2 the set of all functions K : [0, l] 2 — > M r having the property that 
the mappings 

[0, 1]9ih K(x, ■) G L 2 , [0, 1] 3 t ^ K(-, t) G L 2 

are continuous on the interval [0, 1]. It is obvious that G 2 C £ 2 ((0, l) 2 , M r ). The set G 2 
becomes a Banach space upon introducing the norm 

\\K\\g 2 := max max \\K(x, -)||l 2 , max \\K(-, £)||l 2 [• 
Ue[o,i] te[o,i] ) 

Denote by and the subspaces of G 2 consisting of all functions K that satisfy the 
condition K (x, t) = a.e. in Q~ and K(x, t) = a.e. in Q, respectively. 
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Also denote by <3 2 a Banach algebra consisting of integral operators J?T with 
kernels K belonging to G 2 . The norm in (25 2 is defined via 

\\^U 2 = \\K\\ G2 , JfTe<5 2 . 

Denote by <3 2 and <3 2 the set of those J£T e <& 2 > whose kernels belong respectively to G 2 
and G^~. Observe that <3 2 and (J5^~ form closed subalgebras of <5 2 and that <5 2 C £>^. 

Lemma A. 4 The mapping A i— > (X + A) -1 — X =: r?(A) acts continuously in G 2 . 

Proof. Using the Cauchy-Bunyakowski inequality, we find that for every A £ Gj 

P n+1 || G + < (n!) -1 / 2 1 |A|| G +\ n e Z+. (A.4) 
Let A, -B G G<j~ and ||A|| G +, ||5|| G + < r for some fixed r > 0. Since 

oo 

77(A) -^) = ^[(-Ar-(-sr], 

n=l 

in view of (CO)) and the identity A n+1 - 5 n+1 = Yl=o A n ~ k (A - B)B k , straightforward 
calculations show that the mapping 1] acts continuously in G 2 and that 

ll^)-^)ll G +<^ 2 MI|A-5|| G2+ 

with 

oo 

C(r) := 1 + J2( k[ )~ 1/2 r k+1 - 

k=0 

The proof is complete. □ 



Appendix B. Lemmas about orthogonal projectors 

Suppose that if is a Hilbert space and denote by B(H) the Banach algebra of all bounded 
linear operators in H. 

Lemma B.l Let (-P n )5£Li an d (G n )%L l be sequences of pairwise orthogonal projectors 
in H of finite rank such that Y^=i Pn = S^Li G n = Ih and Yln°=i W-^n ~ G n \\ 2 < oo. 
Then there exists No e N such that, for all N > No, 

N N 

rank P n = rank G n . 

n=l n=l 

Proof. Let us choose a natural N such that Y^=n \\Pn — G n \\ 2 < \. Fix an 
arbitrary natural N > No and consider the orthogonal projectors P = Yln=i ^ n an< ^ 
G = J2n=i Gn- We shall now show that \\P — G\\ < 1. Indeed, the assumptions of the 
lemma imply that 

oo oo oo 

P — G = (P n — G n ) = P n {Pn — G n ) + (P n — G n )G n . 

n=N+l n =N+l n=N+l 
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Thus for every / G H of norm 1 we get the inequality 

oo 

\((P-G)f\f) H \< (\\Pnf\\ + \\G n f\\)\\(P n -G n )f\\. 

n=N+l 

Using the Cauchy-Bunyakowski inequality, we obtain that 

oo 

\\P-G\\ 2 <4 ||P„-G n || 2 <l. 

n=N+l 

The inequality \\P — G\\ < 1 implies (see [40, Ch.l]) that rank P = rankG, and the 
proof is complete. □ 

Lemma B.2 Assume that (Aj)^ =1 is a sequence in 13(H) and that (G 3 )JL l is a sequence 
of pairwise orthogonal projectors such that the following holds: 

(i) the series Aj converges in the strong operator topology to an operator A; 

(ii) the orthogonal projector G := In — YlJLi Gj ^ s of finite rank; 

(Hi) X]j=i II A? — ^ill 2 < 1 an d rank Aj < rankG 'j < oo for every j G N. 

Then codimRanA > rankG. 

Proof. It follows from the assumptions of the lemma that, for every / G L 2 , 

OO OO OO -|y2 

53 — ^-)^|| < 1|^ — ^-IMI^^II < 11^ — ^ll 2 ) 11/11 
j=i j=i j=i 

and, therefore, the series Y^JLi(AjGj — Gj) strongly converges to some operator 
B G 13(H) with \\B\\ < 1. Hence the series Yl'jLi AjGj strongly converges to the 
operator A := (Ih + B) (Ir — G) . Since the operator In + B is invertible, A has a closed 
range and codimRanA = rankG. Since rank A j < rankG j < oo, we have 

RanAjGj = Ran Aj (B.l) 

for all j G N. Indeed, if (IB.lj) does not hold for some k G N, then there exists c G Ran G& 



such that AkC = 0. Therefore \\(Ak — Gk)c\\ = \\c\\, which implies that \\Ak — Gk\\ > 1 
thus contradicting assumption (in). 

We denote by X the closed linear hull of the set UjgsRanAj. It is obvious that 
Ran A C X. It follows from ( IB. II) and the definition of the operator A that Ran A 



contains the set Uj^RanAj. But, as already noted, Ran A is a closed set. Thus 
Ran A C X C Ran A and, therefore, codimRanA > codimRanA = rankG. The 
proof is complete. □ 

Lemma B.3 Let {v4j}™ =0 be a set of self-adjoint operators from the algebra 13(H) that 
are of finite rank for j ^ . If 

n n 

^3 Aj = Ih, ^^rank Aj < codim Ran A , 

j=0 j=l 

then {Aj}"j =0 is the set of pairwise orthogonal projectors. 
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Proof. It follows from the assumptions of the lemma that the space H is the direct 
sum of the subspaces Ran Aj for j — 0, . . . , n and that A k (A k — I H ) + X^yfc AjA k = 
for every k < n. It is obvious that the equality is possible only if all the summands 
on the left hand side are equal to zero. This immediately yields the statement of the 
lemma. □ 
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